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Poset cohomology

To any bounded poset P can be associated its order complex (nerve), a
simplicial set whose simplices are the k-chains a0 ă . . . ă ak in Pzt0̂, 1̂u.
The (co)homology of P is the cohomology of its order complex.
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What about unbounded posets ?

�

ÑAdd bounds to delete them !

Another definition for the cohomology

ck “ C.ta0 ă . . . ă ak |a0 minimal and ak maximalu

In particular, if P is bounded,

hnpPq » rHn´2pPzt0̂, 1̂uq.
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Posets of (set) partitions ΠV

Partitions of a set V :

tV1, . . . ,Vku |ù V ô V “

k
ğ

i“1

Vi ,Vi X Vj “ H for i ‰ j

Partial order on set partitions of a set V :

tV1, . . . ,Vku ď tV 1
1, . . . ,V 1

pu ô @i P t1, pu, Dj P t1, ku s.t. V 1
i Ď Vj

t1ut2ut3ut4u

t1, 2ut3ut4u t1, 3ut2ut4u t1ut2, 3ut4u t1, 4ut2ut3u t1ut2, 4ut3u t1ut2ut3, 4u

t1, 2, 3ut4u t1, 2, 4ut3u t1, 2ut3, 4u t1, 3ut2, 4u t1, 3, 4ut2u t1, 4ut2, 3u t1ut2, 3, 4u

t1, 2, 3, 4u
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Operations on posets

If P and Q are two posets, their cartesian product is the set P ˆ Q
endowed with the following partial order :

pp, qq ďPˆQ pp1, q1q ô p ďP p1, q ďQ q1

Two posets P and Q are isomorphic if there exists an order-preserving
bijection f : P Ñ Q, i.e. a bijection f such that f paq ďQ f pbq iff a ďP b.
Let π P Πn, π “ tV1, . . . ,Vku

Lemma

The following isomorphisms hold :

rπ, 1Πns »

k
ź

i“1

Π|Vk | r0Πn , πs » Πk
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Cohomology

Proposition (Hanlon, 81 ; Stanley, 82 ; Joyal 85)

The partition poset Πn has a unique (co)homology group whose dimension
is given by :

µpΠnq “ pn ´ 1q!

Moreover, the action of the symmetric group on this homology group is
the same as the action on Liepnq bSn sgn, where sgn is the signature
representation.

Liep2q “ C. tr1; 2su with r1; 2s “ ´r2; 1s

Liep3q “ C. trr1; 2s; 3s, rr1; 3s; 2su with
rr1; 2s; 3s ` rr2; 3s; 1s ` rr3; 1s; 2s “ 0 (Jacobi relation)

Liepnq “ C. tr. . . r1;σp2qsσp3qs . . . σpnqs, σ P Spt2, . . . , nuqu [Reutenauer]
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Levelled (co)bar construction [Fresse, 02]
746298351

{1, 2, 3, 4, 5, 6, 7, 8, 9}
{1, 5}{2, 3, 6, 8, 9}{4, 7}

{1, 5}{2, 6}{3, 8, 9}{4, 7}

{1, 5}{2}{3, 8, 9}{4, 7}{6}

{1, 5}{2}{3, 8, 9}{4}{6}{7}

{1, 5}{2}{3}{4}{6}{7}{8}{9}

{1}{2}{3}{4}{5}{6}{7}{8}{9}

To keep in mind

There is an algebraic explanation of why the operad appear in cohomology,
linked with cobar construction and Koszul duality
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What are species ?

Definition (Joyal, 80s)

A species F is a functor from Bij to Vect. To a finite set S , the species F
associates a vector space FpSq independent from the nature of S .

Species = Construction plan, such that the vector space obtained is
invariant by relabeling
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Examples of species

C.tp1, 2, 3q, p1, 3, 2q, p2, 1, 3q, p2, 3, 1q, p3, 1, 2q, p3, 2, 1qu (species of
lists L on t1, 2, 3u)

C. tt1, 2, 3uu (species of non-empty sets E`)

C. tt1u, t2u, t3uu (species of pointed sets E‚)

C.

"

1

2 3

, 1

2

3

, 1

3

2

, 2

1 3

, 2

1

3

, 2

3

1

, 3

1 2

, 3

1

2

, 3

2

1
*

(species of
Cayley trees T)

C.

"

1 2

3

, 1 3

2 *

(species of cycles)

These sets are the image by species of the set t1, 2, 3u “: J3K.
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Examples of species

C.tp♡, ♠, ♣q, p♡, ♣, ♠q, p♠, ♡, ♣q, p♠, ♣, ♡q, p♣, ♡, ♠q, p♣, ♠, ♡qu

(species of lists L on t♣, ♡, ♠u)

C. tt♡, ♠, ♣uu (species of non-empty sets E`)

C. tt♡u, t♠u, t♣uu (species of pointed sets E‚)
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*
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, ♡ ♣

♠ *

(species of cycles)

These sets are the image by species of the set t♣, ♡, ♠u.
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Substitution of species (”of”)

Proposition

Let F and G be two species. Let us define :

pF ˝ G qpSq “
à

πPΠpSq

F pπq b
â

JPπ

G pJq,

where ΠpSq runs on the set of partitions of S .

T ˝ TpJ5Kq “

C.
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Operads
A (symmetric) operad O is

a species O with an associative composition

γ : O ˝ O Ñ O

1

2 5

4

3

“

PreLie

[Chap.-
Liv.]

1

2 5

4

3

`

1

2 5

4

3

`

1

2 5

4

3

and a unit i : I Ñ O, where I is the singleton species
(I pSq “ δ|S|“1C).
To each kind of algebra is associated an operad.
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Free operad

Let M be S-module. The free operad over M is the operad whose
underlying species associate to any finite set V the set of rooted trees
whose leaves are labelled by V and whose inner vertices are labelled by an
element of M, with substitution given by grafting on leaves.

Mag operad

When M “ C.tp1, 2q, p2, 1qu, the free operad is called Magmatic operad.
The species MagpV q is the species of planar binary trees with leaves
labelled by V .

13a
˝a

24 “ γ

˜

bca ; a “ 24 , b “ 1 , c “ 3

¸

“
13

24

Any operad can be described as a quotient of a free operad.
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Lie operad

Lie operad encodes Lie algebra. Its underlying vector space is obtained as a
quotient of the Magmatic operad’s vector spaces with the Jacobi relations

32

1

`

21

3

`

13

2

“ 0

and the anti-symmetry

21

“ ´

12

Proposition

The vector space of n-ary operations of Lie operad has dimension
Liepnq “ pn ´ 1q! (comb).
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Hypergraphs

Definition (Berge)

A hypergraph (on a set V ) is an ordered pair pV ,E q where :

V is a finite set (vertices)

E is a collection of subsets of cardinality at least two of elements of
V (edges).

Example of a hypergraph on r1; 7s

0

63

4

5

21
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Walk on a hypergraph

Definition

Let H “ pV ,E q be a hypergraph.
A walk from a vertex or an edge d to a vertex or an edge f in H is an
alternating sequence of vertices and edges beginning by d and ending by
f :

pd , . . . , ei , vi , ei`1, . . . , f q

where for all i , vi P V , ei P E and tvi , vi`1u Ď ei .
The length of a walk is the number of edges and vertices in the walk.

Examples of walks

0

63

4

5

21

0

63

4

5

21
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Hypertrees

Definition

A hypertree is a non-empty hypergraph H such that, given any distinct
vertices v and w in H,

there exists a walk from v to w in H with distinct edges ei , (H is
connected),

and this walk is unique, (H has no cycles).

Example of a hypertree

0

63

4

5

10

7

8 9 21
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Examples and counter-examples : Which one(s) is/are a
hypertree(s) ?
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The hypertree poset

Definition

Let I be a finite set of cardinality n, S and T be two hypertrees on I .

S ĺ T ðñ Each edge of S is the union of edges of T

We write S ă T if S ĺ T but S ‰ T .

Example with hypertrees on four vertices
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0
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0
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1

yHTn = augmented hypertree poset on r0, ns.

HTn = hypertree poset on r0, ns.

For a a tree in HTn, HT
a
n = maximal interval in hypertree poset on

r0, ns between 0̂ and a.
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Intervals in the hypertree posets

Proposition (McCammond–Meier, 2004)

Let H be a hypertree on n vertices and a be a tree such that H ď a. The
following isomorphisms hold :

r0HTn ,Hs »
ź

vPV pHq

Πdegpvq rH, as »
ź

ePEpHq

HT
a|e
e .

In particular, HTa
n “

ś

vPV paq Πdegpvq.

Moreover, the order complex of xHTn is homotopic to a wedge of spheres of
same dimension (Cohen-Macaulay).
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Möbius number of the hypertree posets

Proposition (McCammond-Meier, 2004)

The Möbius number of xHTn is given by :

µp xHTnq “ p´1qn´1nn´1

Proposition (Conjecture of Chapoton, BO 2013)

The action of the symmetric group on the unique homology group of xHTn

is the same as the action of the symmetric group on Cayley trees.
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Möbius number of the hypertree posets

Proposition

The Möbius number of HTn is given by :

µpHTnq “ p´1qn
p2n ´ 1q!

n!
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Pre-Lie operad [Chapoton–Livernet, 00 ;
Dzhumadil’daev–Löfwall, 02]
PreLiepVq is spanned by Cayley trees with nodes labeled by V . The
substitution of a tree t inside a node v is given by the sum over all the
ways to graft each child of v on a node of t.

1

2 5

4

3

“

PreLie

[Chap.-
Liv.]

1

2 5

4

3

`

1

2 5

4

3

`

1

2 5

4

3

Proposition

The vector space of n-ary operations of Pre-Lie operad has dimension
Pre-Liepnq “ nn´1.
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Pre-Lie algebras

... and post-Lie algebras !

The pre-Lie product ð satisfies the following relation for any
elements x , y and z :

px ð yq ð z ´ x ð py ð zq “ px ð zq ð y ´ x ð pz ð yq.

The post-Lie products Ÿ and t ; u satisfy

t ; u is a Lie bracket

px Ÿ yq Ÿ z ´ x Ÿ py Ÿ zq ´ px Ÿ zq Ÿ y ` x Ÿ pz Ÿ yq “ x Ÿ ty , zu

tx , yu Ÿ z “ tx Ÿ z , yu ` tx , y Ÿ zu
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Post-Lie operad [Vallette, 07 ; Munthe-Kaas–Wright, 08]

The underlying vector space PostLiepVq of post-Lie operad is spanned by
Lie brackets of planar trees with nodes labeled by V . The substitution of a
tree t inside a node v is given by the sum over all the way to graft each
child of v to the right of a node of t (planar pre-Lie product).

1
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&
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/
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“

PostLie
[Val.]
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2
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´

1

2

4

3

5

`

1

54

3

2
´

1

4

3

52

Proposition

The vector space of n-ary operations of Post-Lie
operad has dimension Post-Liepnq “

p2n´1q!
n! .
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Motivation : Levelled (co)bar construction [Fresse, 02]

746298351
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{1, 5}{2, 3, 6, 8, 9}{4, 7}

{1, 5}{2, 6}{3, 8, 9}{4, 7}
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Nested sets [De Concini–Procesi, 95]

Problem

There are no operadic structure on the leveled cobar construction, but
there is one on the cobar construction !

Solution :

Forget about the levels !
746298351

→

746298351

This is what we obtain when we consider nested sets instead of chains !
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Merge trees

Definition

For a nonnegative integer n, a n-merge tree is

a (non planar) reduced (i.e. with no inner vertex of arity 1) rooted
tree B with leaves labelled by a set t1, . . . , nu, called bottom tree

a (non planar) rooted tree T with vertices labelled by t0, 1, . . . , nu,
rooted in 0, called top tree

such that for any vertex v in B, the set of outgoing edges coming from a
leaf above v in B forms a subtree of T .

Example

B “

6752341

T “ 0

1

4

32

76

5

MT “

6752341

0

.
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Merge trees

Proposition

The complex of merge trees is homotopy equivalent to the order complex
of the poset HTn.

The operadic composition of a merge tree b in a node v is as follows :

the children of v in T are grafted to some nodes in b (pre-Lie type
magmatic composition)

the bottom tree of b is grafted at the place of the leaf v (usual
magmatic composition)

3a1

0

◦a
42

0

=

3421

0

+

3421

0



3

Operadic structure on the cohomology of the nested set
complex (aka. post-Lie !)

Let us consider the map

Post-Lie
ϕ
ÝÑ H‚pHT‚q

1 Ÿ 2 ÞÑ
1 2

0

t1; 2u ÞÑ
1 2

0

Theorem (DO–Dupont, 23+)

The map ϕ is an operad isomorphism. The operadic structure on the
cohomology of the hypertree poset is then isomorphic to the suspension of
post-Lie operad.
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Left-post-Lie module on Cayley trees

1 Ÿ T “ 1 ð T ,

pG ð Dq Ÿ T “ pG Ÿ T q ð D ` G ð pD Ÿ T q

tS ,Tu “ T ð S ´ S ð T ,

where ð is the usual pre-Lie product.

Proposition (D.O.–Dupont, 23+)

This defines a left-post-Lie module structure on Cayley trees. This
left-post-Lie module is moreover monogenous.
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Left-post-Lie module on hyper-merge trees

Definition

For a nonnegative integer n, a hyper-merge-tree is

a partition π of t1, . . . , nu,

a (non planar) reduced (i.e. with no inner vertex of arity 1) rooted
tree B with leaves labelled by π, called bottom tree

a (non planar) hypertree T with edge partition t0u Y π, rooted in 0,
called top tree

such that for any vertex v in B, the set of outgoing edges coming from a
leaf above v in B forms a subtree of T .

Proposition (D.O.–Dupont, 23+)

These two left-post-Lie modules are isomorphic.
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Still some work left !

The multi-pointed hypertree poset project to both the hypertree
poset and the poset of partitions decorated by Operad ComTrias
[Vallette, 07].

This fits in a more general setting, which applies to examples of
families of poset pFnq endowed with a ”good”projection a : Fn Ñ Πn.

Work in progress

In the general setting, describe the operadic structure on the nested set
complex associated with the minimal building set itself (and not only on
the cohomology).

Thank you for your attention !
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