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Coproduct of the algebra

Given C a commutative ring with unit, define C :“ C.FP{ „, the free
C-module on the quotient FP by isomorphism classes of posets.
C is endowed with the coproduct ∆ : C Ñ C b C and the counit ε : C Ñ C
defined by:

∆pPq “
ÿ

xPP

r0P ; xs b rx , 1P s

εpPq “ δ|P|“1

Theorem (Schmitt)

pC,∆, ε,ˆ, ν,Sq is a Hopf algebra.
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Incidence Hopf algebra of the poset of partitions

Let π P Πn, π “ tV1, . . . ,Vku

Lemma

The following isomorphisms hold:

rπ, 1Πns »

k
ź

i“1

Π|Vk |
r0Πn , πs » Πk

The coproduct is given by:

∆

ˆ

Πn

n!

˙

“

n
ÿ

k“1

ÿ

pj1,...,jnqPN,
řn

i“1 ji“k,
řn

i“1 iji“n

ˆ

k

j1, . . . , jn

˙ n
ź

i“1

ˆ

Πi

i !

˙ji

b
Πk

k!
.
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Incidence Hopf algebra of the boolean lattice

Let V P Bn, V “ ti1, . . . , iku

Lemma

The following isomorphisms hold:

rV , t1, . . . , nus » Bn´k rH,V s » Bk

The coproduct is given by:

∆

ˆ

Bn

n!

˙

“

n
ÿ

k“0

Bk

k!
b

Bn´k

pn ´ kq!
.
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Character of an incidence Hopf algebra

Consider the vector space of characters H˚ “ HompH,Cq on an incidence
Hopf algebra H.
The convolution of two characters φ and ψ is given by:

φ ˚ ψ “
ÿ

φpPp1qqψpPp2qq

where ∆pPq “
ř

Pp1q b Pp2q.

On the partition and boolean posets

The vector space of characters on the incidence Hopf algebra of the
partition posets corresponds to exponential generating functions (with the

substitution) via φ ÞÑ
ř

ně1
φpΠnq

n! tn. The vector space of characters on the
incidence Hopf algebra of the boolean posets corresponds to exponential
generating functions (with the multiplication) via φ ÞÑ

ř

ně0
φpBnq

n! tn.
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Some basic characters

Let us consider the character

ξ : Πn ÞÑ 1.

and let µ be its inverse for the convolution product.

For subsets

We have ξptq “
ř

ně0 ξpBnq
tn

n! “ expptq and

µptq “ expp´tq “
ř

ně0p´1qn tn

n! .

For partitions

We have ξptq “
ř

ně1
ξpΠnq

n! tn “
ř

ně1
1
n! t

n “ expptq ´ 1 and

µptq “ lnp1` tq “
ř

ně1p´1qn´1pn ´ 1q! t
n

n!
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Hypergraphs

Definition (Berge)

A hypergraph (on a set V ) is an ordered pair pV ,E q where:

V is a finite set (vertices)

E is a collection of subsets of cardinality at least two of elements of
V (edges).

Example of a hypergraph on r1; 7s

A

B

C
D

4

7 6

5

1

2

3
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Walk on a hypergraph

Definition

Let H “ pV ,E q be a hypergraph.
A walk from a vertex or an edge d to a vertex or an edge f in H is an
alternating sequence of vertices and edges beginning by d and ending by f :

pd , . . . , ei , vi , ei`1, . . . , f q

where for all i , vi P V , ei P E and tvi , vi`1u Ď ei .
The length of a walk is the number of edges and vertices in the walk.

Examples of walks

A

B

C
D
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Hypertrees

Definition

A hypertree is a non-empty hypergraph H such that, given any distinct
vertices v and w in H,

there exists a walk from v to w in H with distinct edges ei , (H is
connected),

and this walk is unique, (H has no cycles).

Example of a hypertree

4

1 2

3 5

6 7
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First exercice : Which one(s) is/are a hypertree(s) ?

4

7 6

5

1

2

3

4

1 2

3 6

5 7

8

4

1 2

6

5 7

3

4

1 2

6

5 7

3
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Numerology [Kalikow, 1999 ; Smith–Warme, 1998]

The number of hypertrees on n vertices is given by:

|HTn | “

n
ÿ

k“1

nk´1Spn ´ 1, kq
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The hypertree poset

Definition

Let I be a finite set of cardinality n, S and T be two hypertrees on I .

S ĺ T ðñ Each edge of S is the union of edges of T

We write S ă T if S ĺ T but S ‰ T .

Example with hypertrees on four vertices

♠

♦ ♥

♣
ĺ

♠

♦ ♥

♣ ♠

♦ ♥

♣ ♠

♦ ♥

♣ but not ♠

♦ ♥

♣ .
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1

yHTn = augmented hypertree poset on r0, ns.

HTn = hypertree poset on r0, ns.

For a a tree in HTn, HTa
n = maximal interval in hypertree poset on

r0, ns between 0̂ and a.
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Incidence Hopf algebra of the hypertree posets

Main question

What is the shape of an interval in HTn ?

Proposition (McCammond–Meier, 2004)

Let H be a hypertree on n vertices and a be a tree such that H ď a. The
following isomorphisms hold:

r0HTn ,Hs »
ź

vPV pHq

Πdegpvq rH, as »
ź

ePEpHq

HT
a|e
e .

In particular, HTa
n “

ś

vPV paq Πdegpvq.
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Möbius number of the hypertree posets

Proposition (McCammond-Meier, 2004)

The Möbius number of xHTn is given by:

µpxHTnq “ p´1qn´1pn ´ 1qn´2

Proposition

The Möbius number of HTn is given by:

µpHTnq “ p´1qn
p2n ´ 3q!

pn ´ 1q!
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p2n´3q!
pn´1q! ?



2



2
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