
Posets, incidence Hopf algebras and
operads

Bérénice Delcroix-Oger

Journées du GDR Renorm
Du 14 au 18 novembre 2022, Calais

 



Outline

1 Posets and incidence Hopf algebra (Recall from yesterday)

2 Hypertrees

3 Operads and homology

4 Back to the homology of the hypertree posets



Posets and incidence Hopf algebra (Recall from
yesterday)



Outline

1 Posets and incidence Hopf algebra (Recall from yesterday)

2 Hypertrees

3 Operads and homology

4 Back to the homology of the hypertree posets



1

Coproduct of the algebra

Given C a commutative ring with unit, define C :“ C.FP{ „, the free
C-module on the quotient FP by isomorphism classes of posets.
C is endowed with the coproduct � : C Ñ C b C and the counit ‘ : C Ñ C
defined by:

�pPq “

ÿ

xPP
r0P ; xs b rx , 1P s

‘pPq “ ”|P|“1

Theorem (Schmitt)

pC,�, ‘, ˆ, ‹,Sq is a Hopf algebra.
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Incidence Hopf algebra of the poset of partitions

Let fi P ⇧n, fi “ tV1, . . . ,Vku

Lemma
The following isomorphisms hold:

rfi, 1⇧n
s »

kπ

i“1

⇧|Vk | r0⇧n
, fis » ⇧k

The coproduct is given by:

�

ˆ
⇧n

n!

˙
“

nÿ

k“1

ÿ

pj1,...,jnqPN,
∞

n

i“1
ji“k,

∞
n

i“1
iji“n

ˆ
k

j1, . . . , jn

˙ nπ

i“1

ˆ
⇧i

i !

˙
ji

b
⇧k

k!
.
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Incidence Hopf algebra of the boolean lattice

Let V P Bn, V “ ti1, . . . , iku

Lemma
The following isomorphisms hold:

rV , t1, . . . , nus » Bn´k rH,V s » Bk

The coproduct is given by:

�

ˆ
Bn

n!

˙
“

nÿ

k“0

Bk

k!
b

Bn´k

pn ´ kq!
.
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Character of an incidence Hopf algebra

Consider the vector space of characters H
˚

“ HompH,Cq on an incidence
Hopf algebra H.
The convolution of two characters „ and Â is given by:

„ ˚ Â “

ÿ
„pPp1qqÂpPp2qq

where �pPq “
∞

Pp1q b Pp2q.

On the partition and boolean posets

The vector space of characters on the incidence Hopf algebra of the
partition posets corresponds to exponential generating functions (with the

substitution) via „ fiÑ
∞

n•1

„p⇧nq
n!

t
n. The vector space of characters on the

incidence Hopf algebra of the boolean posets corresponds to exponential
generating functions (with the multiplication) via „ fiÑ

∞
n•0

„pBnq
n!

t
n.
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Some basic characters

Let us consider the character

› : ⇧n fiÑ 1.

and let µ be its inverse for the convolution product.

For subsets

We have ›ptq “
∞

n•0
›pBnq

t
n

n!
“ expptq and

µptq “ expp´tq “
∞

n•0
p´1q

n t
n

n!
.

For partitions

We have ›ptq “
∞

n•1

›p⇧nq
n!

t
n

“
∞

n•1

1

n!
t
n

“ expptq ´ 1 and

µptq “ lnp1 ` tq “
∞

n•1
p´1q

n´1
pn ´ 1q! t

n

n!

p
used lateron

lie n
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Hypergraphs

Definition (Berge)

A hypergraph (on a set V ) is an ordered pair pV ,E q where:

V is a finite set (vertices)

E is a collection of subsets of cardinality at least two of elements of
V (edges).

Example of a hypergraph on r1; 7s

A

B

C D

4

7 6

5

1

2

3
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Walk on a hypergraph

Definition

Let H “ pV ,E q be a hypergraph.
A walk from a vertex or an edge d to a vertex or an edge f in H is an
alternating sequence of vertices and edges beginning by d and ending by f :

pd , . . . , ei , vi , ei`1, . . . , f q

where for all i , vi P V , ei P E and tvi , vi`1u Ñ ei .
The length of a walk is the number of edges and vertices in the walk.

Examples of walks

A

B

C D

4

7 6

5

1

2

3
A

B

C D

4

7 6

5

1

2

3
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Hypertrees

Definition
A hypertree is a non-empty hypergraph H such that, given any distinct
vertices v and w in H,

there exists a walk from v to w in H with distinct edges ei , (H is
connected),

and this walk is unique, (H has no cycles).

Example of a hypertree

4

1 2

3 5

6 7
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First exercice : Which one(s) is/are a hypertree(s) ?

4

7 6

5

1

2

3
4

1 2

3 6

5 7

8

4

1 2

6

5 7

3

4

1 2

6

5 7

3

O

toux
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Numerology [Kalikow, 1999 ; Smith–Warme, 1998]

The number of hypertrees on n vertices is given by:

|HTn | “

nÿ

k“1

n
k´1

Spn ´ 1, kq
ppartillfaysk Into

we consider
garlengnumberofthe

Idol secondkindurodèle 1 sizeh iouatezafpt.mg embofpartelonsinkparts



Pgf Rifs code R Bacler 2014

A rooted hypertee is a hispertree with a distinguished verte

Here lespertes au considered to be rooted in 1

The pétiole of an edgeis the cleyet to
theroot in e

on any walk fromavertxofe totheroot

We order edges according to min e petiole e

Hypertree Pifercode LetHbe a hypertree withhedges en31in rogted
Set of edges petiole partitof42 n in kparts

Hau to remember the shape ofthehesperteels Pifer code
Afgante WEE Tnitialitation ofthe word

Ken
while IThas stibly more than I edge

c smallest leafofÀ
we we petiole e

À Il te petioleKD
É remove the vertices of e petiole e

fonte
Expl Pifer code of thehyputree

9140525327 H

le 98441



Prüfer code set partition hespertue

Start with a partition A 4A ta f41 in

and a verd w uh on 41 in

We construit iteratively a hypertree

More precisely ateach iteration we add anedge to thehespertree

un an constructing

Algot À C IT will contain thepartsofthe
partition whichhaveto

be linkedto a petiole toform an edge inthe

hypertree

For i from 1 to kil

f
pe min Tiens

t.no letterof lui _wais inAj
we add thedjeEf v tothlespertree veau

construting
and remove p from E

Add the edge In UK forthe only A remaineginÀ

The condita molette in wi uh is in Aj ensures the
acylicity ofthe obtained hypergraph

Moreover every vertex blog to oneof theadded edge we

can Shau by inducléon on k that theobtained hypergraph is connected

and hence that we get a hypertree
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The hypertree poset

Definition
Let I be a finite set of cardinality n, S and T be two hypertrees on I .

S ® T ñ Each edge of S is the union of edges of T

We write S † T if S ® T but S ‰ T .

Example with hypertrees on four vertices

˝

˚ ¸

˙

®

˝

˚ ¸

˙ ˝

˚ ¸

˙ ˝

˚ ¸

˙ but not ˝

˚ ¸

˙ .
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1

yHTn = augmented hypertree poset on r0, ns.

HTn = hypertree poset on r0, ns.

For a a tree in HTn, HTa
n = maximal interval in hypertree poset on

r0, ns between 0̂ and a.

Ë
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Incidence Hopf algebra of the hypertree posets

Main question

What is the shape of an interval in HTn ?

Proposition (McCammond–Meier, 2004)

Let H be a hypertree on n vertices and a be a tree such that H § a. The

following isomorphisms hold:

r0HTn
,Hs »

π

vPV pHq
⇧degpvq rH, as »

π

ePEpHq
HT

a|e
e .

In particular, HTa

n “
±

vPV paq ⇧degpvq.
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Möbius number of the hypertree posets

Proposition (McCammond-Meier, 2004)

The Möbius number of xHTn is given by:

µp xHTnq “ p´1q
n´1

pn ´ 1q
n´2

Proposition

The Möbius number of HTn is given by:

µpHTnq “ p´1q
n

p2n ´ 3q!

pn ´ 1q!

Exercise proveYesfoirer semüjitsu
e xp ht

t

µ
gages

dem
Preliefn D

Idem
Posthelai
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p2n´3q!
pn´1q! ?
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I
Lée aNog



Re µ HT C IÇ
Prof Hea E

atmegazen je
HTE

E
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E
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as x ÊtD Sex k at k D _x

taking 2 n I

a m

weget µ HIT G IIII 1 n 15



2

Reference(s)

The hypertree poset and the l
2-Betti number of the motion group of

the trivial link, J. McCammond and J. Meier, Matematische Annalen,

N°328, 633-652 (2004)



Operads and homology



Outline

1 Posets and incidence Hopf algebra (Recall from yesterday)

2 Hypertrees

3 Operads and homology

4 Back to the homology of the hypertree posets



??



Outline

1 Posets and incidence Hopf algebra (Recall from yesterday)

2 Hypertrees

3 Operads and homology

4 Back to the homology of the hypertree posets


