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Hypergraphs [Berge, 80s] and hypertrees
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The hypertree poset

Definition

Let I be a finite set of cardinality n, S and T be two hypertrees on I .

S ĺ T ðñ Each edge of S is the union of edges of T

We write S ă T if S ĺ T but S ‰ T .

Example with hypertrees on four vertices
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HTn = hypertree poset on r0, ns.

yHTn = augmented hypertree poset on r0, ns.

Goal of this section:

Compute of the action of the symmetric group on the homology of this poset
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Homology of the poset

To each poset, we can associate a simplicial complex (order complex).
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The homology of the poset is the (reduced) homology of this simplicial complex (topological
invariant).
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Theorem (McCammond-Meier, 04)

The homology of yHTn and HTn are concentrated in maximal degree n ´ 2 and n ´ 3
respectively.

Corollary

The character for the action of the symmetric group on H̃n´3 is given in terms of characters
for the action of the symmetric group on Ck by:

χH̃n´3
“ p´1qn´3

n´3
ÿ

k“´1

p´1qkχCk
, where n “ #I ,

where Ck is the vector space spanned by k ` 1-tuples pa0, . . . , akq with ai ă ai`1.
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What are species?

Definition (Joyal, 80s)

A species F is a functor from the category of finite sets and bijections to itself. To a finite set
I , the species F associates a finite set FpI q independent from the nature of I .

Species = Construction plan, such that the set obtained is invariant by relabelling
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Examples of species

tp1, 2, 3q, p1, 3, 2q, p2, 1, 3q, p2, 3, 1q, p3, 1, 2q, p3, 2, 1qu (Species of lists L on t1, 2, 3u)

tt1, 2, 3uu (species of non-empty sets E`)

tt1u, t2u, t3uu (species of pointed sets E‚)
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(Species of Cayley trees C)
"
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2 *

(Species of cycles)

These sets are the image by species of the set t1, 2, 3u.
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Examples of species

tp♥,♠,♣q, p♥,♣,♠q, p♠,♥,♣q, p♠,♣,♥q, p♣,♥,♠q, p♣,♠,♥qu (Species of lists L on
t♣,♥,♠u)
tt♥,♠,♣uu (Species of non-empty sets E`)

tt♥u, t♠u, t♣uu (Species of pointed sets E‚)
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(Species of rooted trees C)
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These sets are the image by species of the set t♣,♥,♠u.
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Operations on species and generating series

Proposition

Let F and G be two species. Let us define:

pF ` G qpI q “ F pI q \ G pI q,

pF ˆ G qpI q “
ğ

I1\I2“I

F pI1q ˆ G pI2q,

pF ˝ G qpI q “
ğ

πPPpI q
F pπq ˆ

ź

JPπ

G pJq,

where PpI q runs on the set of partitions of I .
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Definition

To a species F , we associate its generating series:

CF pxq “
ÿ

ně0

#F pt1, . . . , nuq
xn

n!
.

Examples of generating series:

The generating series of the species of lists is CL “
1

1´x .

The generating series of the species of non-empty sets is CE` “ exppxq ´ 1.

The generating series of the species of pointed sets is CE‚ “ x ¨ exppxq.

The generating series of the species of rooted trees is CC “
ř

ně0 nn´1 xn

n! .

The generating series of the species of cycles is CCycles “ ´ lnp1´ xq.
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Counting strict chains using large chains

Let I be a finite set of cardinality n.

Definition

A large k-chain of hypertrees on I is a k-tuple pa1, . . . , akq, where ai are hypertrees on I and
ai ĺ ai`1.

We get, for all integer k ą 0:

χk “

n´2
ÿ

i“0

ˆ

k

i

˙

χCi
.

χk is a polynomial Ppkq in k which gives, once evaluated in ´1, the character:

Corollary

χ
H̃n´2pzHTnq

“ p´1qnPp´1q “: p´1qnχ´1
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From hypertrees to Cayley trees

We denote by:

H0
k , the species which associated to any finite set V the set of large k-chains of

hypertrees on t0u Y V ,

Hp
k , the species which associated to any finite set V the set of large k-chains of rooted

hypertrees on V .

Theorem (BO, 2013)

The species H0
k and Hp

k satisfy:

Hp
k “ X ˆ

`

H0
k ` 1

˘

H0
k “ E` ˝H0

k´1 ˝Hp
k

Proof
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Dimension of the homology

Proposition

The generating series of the species H0
k satisfies:

C0
k “ exp

`

C0
k´1 ˝

`

x
`

C0
k ` 1

˘˘˘

´ 1,

C0
1 “ exp

`

exp
`

x
`

C0
1 ` 1

˘˘

´ 1
˘

´ 1

We thus get:

Theorem (adapted from [McCammond-Meier, 04])

The dimension of the unique homology group of the augmented hypertree poset is nn´1.

Question:

Is it also the same action of the symmetric group ?
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Action of the symmetric group on this poset
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Definition

The cycle index series of a species F of a species F is the formal power series in an infinite
number of variables p “ pp1, p2, p3, . . .q defined by:

ZF ppq “
ÿ

ně0

1

n!

˜

ÿ

σPSn

F σpσ1
1 pσ2

2 pσ3
3 . . .

¸

,

with F σ, is the set of F -structures fixed under the action of σ,

and σi , the number of cycles of length i in the decomposition of σ into disjoint cycles.

Examples

The cycle index series of the species of lists is ZL “
1

1´p1
.

The cycle index series of the species of non empty sets is ZE` “ expp
ř

kě1
pk
k q ´ 1.
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Operations

Operations on species give operations on their cycle index series:

Proposition

Let F and G be two species. Their cycle index series satisfy:

ZF`G “ ZF ` ZG , ZFˆG “ ZF ˆ ZG , ZF˝G “ ZF ˝ ZG .

Definition

The suspension Σt of a cycle index series f pp1, p2, p3, . . .q is defined by:

Σf “ ´f p´p1,´p2,´p3, . . .q.
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Theorem (BO, 13; conjecture of [Chapoton, 05])

The cycle index series Z 0
´1, which gives the character for the action of Sn on H̃n´2, is given by:

Z 0
´1 “ ΣC
“ Σ PreLie .

Let us draw the parallel with partition posets !

Theorem (Stanley 82, Hanlon 81, Joyal 85)

The cycle index series which gives the character for the action of Sn on H̃n´1 pΠnq, is given by
Σ Lie.

Link with operads [Fresse 04] !
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What is an operad ?

An operad is a vector species F (i.e. species with values in finite vector spaces) endowed with
an associative product

π : F ˝ F Ñ F

and a unit.

Why do we care about operads ?

To any (algebraic) operad can be associated a
type of algebras.
Proving properties on operads (such as
Koszulness) help proving them for algebras.
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Some Lie operads

Operads map a set V to a quotient of a vector space spanned by planar trees whose internal
nodes are decorated by products and whose leaves are labelled by V . The composition is given
by the grafting on the leaves.

Lie generated by a binary product r.; .s with relations Jacobi+anti-symmetry

pre-Lie generated by a binary product ð with the pre-Lie relation

px ð yq ð z ´ x ð py ð zq “ px ð zq ð y ´ x ð pz ð yq

(basis given by Cayley trees)

post-Lie generated by two binary products r.; .s and Ÿ such that r.; .s Lie bracket and

px Ÿ yq Ÿ z ´ x Ÿ py Ÿ zq ´ px Ÿ zq Ÿ y ` x Ÿ pz Ÿ yq “ 0

rx , y s Ÿ z “ rx Ÿ z , y s ` rx , y Ÿ zs

(basis given by Lie brackets of planar binary trees)
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Partition posets [Fresse 04]

Minimal building set = partition with only one part of size ą 2

Nested sets of the poset Πk : N SpΠkq= set of trees with leaves decorated by a partition of
t1, . . . , ku

Lemma

Given a partition π “ tπ1, . . . , πku,

r0̂, πs » Πk , rπ, 1̂s »
k
ź

i“1

Π|πi |

Get an operad by grafting !
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Back to the hypertree posets
We consider the poset HTn (and not yHT n).

Lemma (Dupont-BDO 22+)

The Möbius number of HTn is given by p2n´1q!
n! “

ř

τPCpnq

ś

vPV pτqpdegpvq ´ 1q!.
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Hypertree posets and post-Lie operad

Minimal building set : Hypertrees with only one edge of cardinality ą 2

Nested sets : pairs pT ,Nq where T is a tree and N is a tubing of its adjacency graph or
equivalently doubled trees

T “ 0
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Composition of doubled trees

Theorem (Dupont-BDO,22+)

It is possible to define a (dg-) operad on the nested sets of the hypertree posets and it induces
on the homology an operad which is (the suspension of the) post-Lie operad.



Thank you for your attention !



Proof of the first equation.

We separate the root and every edge containing it, putting t0u where the root was,

Hp
k “ X ˆH0

k ` X ,
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and of the second one!
3

H0
k “ E` ˝H0

k´1 ˝Hp
k
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